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Abstract 

We give a new proof of Delsarte, Goethals and Mac williams theorem 
on minimal weight codewords of generalized Reed-Muller codes published 
in 1970. To prove this theorem, we consider intersection of support of 
minimal weight codewords with affine hyperplanes and we proceed by 
recursion. 

1 Introduction 

In the appendix of pQ , Delsarte, Goethals and Mac Williams prove the theorem 
[1] below. However, at the beginning of their proof, they point out that "it would 
be very desirable to find a more sophisticated and shorter proof . 
In this paper, we give a new proof of this theorem that we hope is simpler. 

Let q = p n , p being prime number. 

We identify the F 9 -algebra = ¥ q [X u . . . , X m ]/(Xf - X u . . . , X^ - X m ) 
to the F 9 -algebra of the functions from F™ to ¥ q through the isomorphism 
P i-> (x h-> P(x)). 

For / e B™, let S f = {x e F™, f(x) ^ 0} the support of /, and 

|/| = Card(S/) the weight of /. The Hamming distance in Bf n is denoted by 

d(.,.). 

For < r < m(q ~ 1), the rth order generalized Reed-Muller code of length q m 
is 

R q (r,m) = {PeBl,deg(P)<r} 

where deg(P) is the degree of the representative of P with degree at most q — 1 
in each variable. 

The affine group GA m (F g ) acts on R q (r, m) by its natural action. The minimum 
weight of R q (r, m) is (q—s)q m ~ t ~ 1 , where r = t(q—l) + s, < s < q — 2 (see PQ). 

The following theorem gives the codeword of minimum weight of R q (r, m) 
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Theorem 1 Let r = t(q— 1) + s < m(q — 1). The minimal weight codewords of 
R q {r,m) are codewords of R q (r,m) whose support is the union of {q — s) distinct 
parallel affine subspaces of codimension t + 1 included in an afjine subspace of 
codimension t. 

Remark : 

1. Clearly, codewords of this form are of minimal weight. 

2. Using lemma[5]and corollary [3] below, this theorem means that codewords 

of minimal weight are equivalent, under the action of the affine group, to 

t s 

a codeword of the following form: f(x) = cJ^J(xf _1 — 1) J^(:c t+ i — bj) 

i=i j=i 

where c £ F* , bj are distinct elements of ¥ q . 



2 Proof of Theorem [T] 

In this paper, we use freely the two following lemmas and their corollary proved 
in pQ p. 435. 

Lemma 2 If P(x) = whenever x\ — a, then P(x) — {x\ — a)Q(x) where 
deg Xi (Q)<deg Kl (P)-l. 

Remark : In Q], the lemma Al.l says that the exponent of x\ in Q is at 
most q — 2, but they actually prove the above lemma. 

Corollary 3 IfP(x) = unless x\ — b, then P{x) — (1 — (x\— b) q ~ 1 )Q(x2, ■ ■ ■ , x m ). 

Lemma 4 Let S be a subset o/F™, such that Card(S') = tq n < q m , <t < q. 
Assume that for any hyperplane o/F™, either Card(5 n H) = or 
Card(STlif) > tq n ~ x . Then there exists an affine hyperplane o/F™ which does 
not meet S . 

Now, we prove a lemma that will be crucial in our proof of theorem [1]: 

Lemma 5 Let r = t{q — 1) + s, < s < q — 2, f be a minimal weight codeword 
of R q (r,m) and S = Sf. 

If H is an hyperplane of F™ 7 such that S D H ^ and S n H ^= S , then either 
S meets all hyperplanes parallel to H or S meets q — s hyperplanes parallel to 
H in g™"'" 1 points. 

Proof : Since an affine transformation does not change weight, we can as- 
sume that H — {x,xi = 0}. 

Now assume that S does not meet k hyperplanes parallel to H, k > 1. As 
S C\H ^$ and S H H ^ H, we have k < q — 2. By lemma [21 we can write 

f(x) = {x 1 -b 1 ) a K..(x 1 -b k ) a *P(x) 
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where Sp meets all hyperplanes parallel to H . 

k 

Let d — a.i < q — 1. We want to prove that d = s. 

i=i 

• First, assume that d > s. Then the degree of P is (t—l)(q—l)+q—l+s—d 
and < g — 1 + s — d < q — 2. For c {bi, . . . , bk], we consider 

Q c = (1 - (xi - c) 9 " 1 ^. The degree of Q c is i(g - 1) + q - 1 + s - d. So 

(g - s)q rn - t - 1 = Card(S') = Card(S P n {x x = c}) 

c0{6i,...,6 k } 

> (g-^Cg-^-l + s-d))^-*" 1 
= (q-kXd-s + i)^-*- 1 

and we obtain, since d > k, 

(q - 1 - k)(d - s) <0, 
which is impossible, since d > s and k < q — 1. 

• Now we have d < s. 

So deg(P) = i(g — 1) + s — d and we get 

(g - s)q m - t - 1 = Card(S) = Card(S* P n {xi = c}) 

c£{6i,...,6*J 
> (g-fc)(g-s + d)g m -*- 2 

which gives 

(d - k)q + k(s - d) < 0. 

Hence, since d > k, k > 1 and s > d, necessarily d = k = s 
and Card(5 P n {xi = c}) = g™-*- 1 for c £ .,6 fc }. 

□ 

Now, we are able to prove theorem [TJ 



Proof : We prove first the case where t = and t = m — 1 . 



• t = 0. 

If s = 0. then deg(/) = 0. Thus, since / 7^ 0, we have f = c, for c G F* and 
5/ = F™ 

Otherwise, let If be an affine hyperplane of F™, then Card(5/ CI i?) = or 
C&Td(S f nH)>(q-s)q m - 2 . 

Hence, by lemmaHl there exists an affine hyperplane Ho, such that SfdHo = 0. 
However, F™ is the union of the q hyperplanes parallel to Ho, so there exists 
Hi, parallel to Ho, such that Hi n Sf 0. 

Furthermore, since |/| = (g - s)g m ^ 1 > 2g m -\ nff^ S>. So, by lemma[5j 
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since SfCiH = 0, Sf meets (q— s) hyperplanes parallel to Hi, say Hi, . . . , H q - S , 

q-s 

in q m ~ 1 points, this means that Sf — Hi. 

• t = m — 1. 

Let / e R q {{m - l)(q - 1) + s, m), < s < q - 2, such that |/| = g— s. We put 
S = Sf. Let wi, W2 6S and H be an hyperplane, such that wi, W2 6 
Assume that S P\ H ^ S then , by lemma [5j either 5 1 meets all hyperplanes 
parallel to H (which is possible only if s = 0) or S meets (q — s) hyperplanes 
parallel to H in one point. In both cases we get a contradiction, since in both 
cases S meets each hyperplane in exactly one point and u)i, 0J2 £ H. 
So S is included in all hyperplanes H, such that uii, uj 2 £ H, this means that S 
is included in the line through u>i and 

Now we prove the theorem for general t by recursion. 

• Assume that for a fixed t, 1 < t < m — 2 (we have already proved the 
case where t = 0) and for all < s < q — 2, the support of a codeword of mini- 
mal weight in R q ((t+l)(q—l) + s, m) is the union of (q—s) distinct parallel amnc 
subspaces of codimension t+2 included in an affine subspace of codimension t+1. 

Let / € R q (t(q - 1) + s,m), such that |/| = (q - s)q m - t ' 1 . 
We put S = S f . Let a £ S and F = {at>, b £ S}. We have : 

Card(F) = (q- s)q m - t - x < q r9{F) . 

Thus, since < s < q — 2, we have rg(F) >m — t. 

Let vi, . . . , v m -t be m — t independent vectors of F and it , such that 

li <£ Vcct(wl, . . . ,v m 4). 

Since t > 1, there exists an affine hyperplane, say if, such that 
a + ^x, . . . , a + v m -\ £ H and a + it H . 

Assume that SDH ^ S. Then by lemma [SJ either S 1 meets all hyperplanes 
parallel to H or S meets (q — s) hyperplanes parallel to H in g m_t_1 points. 

• 1st case : S meets (q — s) hyperplanes. 

By applying an affine transformation, we can assume that the q — s hy- 
perplanes are Hi — {x, Xi = a{\, cii £ W q . Without loss of generality, we 
can assume that H = Hi. 

q-s 

Let P= ]J(xi -Oi)/(s), 

i=2 

deg(P) < t(q - 1) + s + q - 1 - s = (t + 1)(<7 - 1) and 
\P\ = Card(S' (~l {xi — ai}) = q m_ * _1 . So P is a codeword of minimal 
weight in R q ((t + l)(q — 1), m), and, by recursion hypothesis, S p = S Ci H 
is an affine subspace of codimension t + 1. 

• 2nd case : S meets all the hyperplanes. 

For all G a hyperplane of equation (z — a), a £ ¥ q , parallel to H = Go, 
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g a = /.(l - (z - a)"- 1 ) G R q ((t + l)(q - 1) + s,m) and 5a ^ 0. So 
Card(5 g J > (q - s)q m - t - 2 . 

Since Card(S') = (q - sjg"*-*" 1 and 5 ffa = 5 n G„, 
Card(S ffa ) = (g-s)g m -*- 2 . 

By recursion hypothesis, S go = S H H is included in an affine subspace of 
codimension < + 1. 

In both cases, SnH is included in an affine subspace of codimension t + 1 which 

is impossible since a + Vi, . . . , a + u m _t € S" n H. 

So S 1 n H = S and a + it $ S, which means that it ^ F. 

Hence, F c Vect(tii, . . . , u m _t), «.e S is included in an affine subspace of codi- 
mension t, say A. 

By applying an affine transformation, we can assume that 

A = {.x, x\ = 0, . . . , Xt = 0}. Then by corollary [3l we can write 

t 

f(x)=n(x q i - 1 -i)p(x t+1 ,...,x m ) 

i=l 

P E R q {s, m — t) and \P\ = |/| = (g — s)q m ~ t ~ 1 , thus, by the case where t = 0, 
Sp is the union of (q — s) parallel hyperplanes of A which gives the result. 

□ 
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